A new laser differential confocal lens refractive index measurement is proposed, which uses the absolute zero of the differential confocal axial intensity curve to precisely identify the positions of the objective when the measurement pencil is focused on the vertex of the test lens and the reflector with or without the test lens in the measurement light-path, and then uses aberration compensation and ray tracing facet iterative calculation to obtain the refractive index of the test lens, thereby achieving the high-precision noncontact measurement of lens refractive index. The theoretical analyses and preliminary experiments indicate that the accuracy of the approach can reach about 2:5 × 10 −4 .
Introduction
Spherical lenses are basic components of optical systems and their refractive index n, radius of curvature (ROC) r, and thickness t can directly determine their performance parameters, such as the focal length, location of principal plane, and aberrations, so the measurements of the lens radius, refractive index, and thickness are essential in the optical field, especially the measurement of refractive index.
In general, the prism coupling method [1] , the minimum deviation method (MDM) [2] , the Abbe refractometer [3] , the interferometer, and the optical low-coherence tomography [4, 5] , and so on, are mainly used for the refractive index measurement of optical prism or plates. Prism coupling method is applied for thin samples, Abbe refractometer is usually applied for the liquid and solid materials, and the MDM and interferometer are applicable for prisms and optical flats [2, 4] . The aforementioned methods achieve high measurement accuracy, for example, the MDM can reach an accuracy of 3 × 10 −6 for bulk materials, but they cannot measure the lens refractive index. Whereas the lens refractive index measurement is more important, for example, the refractive index of a die-casting lens changes during the cooling process and it has an obvious effect on the lens optical properties [6] , so the precision measurement of the lens refractive index is significant.
In the measurement of lens refractive index, Smith proposed a liquid immersion method [7] , which immerses a test lens in a mixed liquid and varies the liquid index until it approximates the test lens index and then indirectly obtains the lens refractive index with an accuracy of 4:6 × 10 −4 , using the liquid index. However, the compounded liquids must be of a miscible nature, the preparation of the mixture and the selection of such liquids take time, and the measurement range is limited by the mixed liquid. Kasana et al. proposed a nondestructive multiple beam interferometric technique of combining the liquid immersing cell with a Fabry-Perot etalon [8] , which immerses a test lens in several standard liquids with the given index and measures the diameters of the interference rings, and then calculates the lens index with accuracy about 4:0 × 10 −4 . Soni et al. proposed a Ronchi-grating shearing interferometric collimation method [9] , which measures the combination focal length of the assistant lens and test lens in air and standard liquids, respectively, and uses these focal lengths and liquid indexes to calculate the test lens index. Soni et al. also proposed a method of combining the liquid immersing cell and autosonic grating to measure the lens refractive index [10] . Based on the liquid immersion method, Suhara proposed an interferometric measurement of the refractive index distribution in a plastic lens by the computed tomography [11] . Compared with the method in [7] , the methods in [8] [9] [10] [11] do not need to iteratively adjust the liquid index, however they all need to measure the liquid index and their accuracies are limited by the liquid index measurement accuracy. Using the lens geometrical parameters and the thin-lens formula to obtain the lens refractive index is another common method. Vani et al. calculate the lens index by the thin-lens formula using the focal length and ROC of a thin biconvex lens measured by a Michelson interferometer [12] and digital holographic interferometry [13] , respectively. However, the thin-lens formula method only suits a biconvex lens with long focal length and its accuracy is affected by the focal length measurement accuracy and the figure error of the test lens It can reach about 8:0 × 10 −4 . Therefore, it is still difficult to obtain the high-precision noncontact measurement of the lens refractive index.
In order to achieve the high-precision noncontact measurement of the lens refractive index, a differential confocal lens refractive index measurement (DCRIM) is proposed and this approach can also measure the ROC of spherical lens precisely.
Measurement Principle
As shown in Fig. 1 , based on our laser differential confocal technology [14] , the DCRIM divides a confocal detection system into part A and part B, obtains the axial response curve Ið0; u; u M Þ through the differential subtraction of intensity signals I 1 ð0; u; þu M Þ and I 2 ð0; u; −u M Þ received from the two point detectors D 1 and D 2 placed behind and before the collecting lens L 2 focus with the same offset M, and identifies the positions P i ði ¼ 0; 1; 2; 3Þ of objective L 1 using the property that the absolute zero O i ði ¼ 0; 1; 2; 3Þ of the axial response curve Ið0; u; u M Þ precisely corresponds to the focus of the objective L 1 , and thereby obtains the ROC r i ði ¼ 1; 2Þ, refractive index n, and thickness t of the test lens L.
LD is the laser source, L C is the collimating lens, PBS is the polarized beam splitter, P is a λ=4 plate, L 1 is the objective, L is the test lens, R f is the reflector, L 2 is the collecting lens, BS is the beam splitter, PH, PH 1 , and PH 2 are pinholes, D 1 and D 2 are detectors, and M is the offset of pinholes from the focus of L 2 .
The measurement process includes three steps:
1. measuring the radii of the test lens, 2. precisely determining the objective L 1 position P i ði ¼ 0 ∼ 3Þ when the measurement pencil is focused on the vertices of the test lens and reflector with or without the test lens in the measurement light-path, 3 . calculating the refractive index of the test lens by the radii of the test lens, the objective positions and the ray tracing.
A. Measurement of the Radii of the Test Lens
The ROC measurement principle is shown in Fig. 2 .
When the focus of objective L 1 is near the cat's-eye position P A of surface S 1 , the differential signal I A ðv; u; u M Þ of DCRIM is [15] 
where ρ is the radial normalized radius of the objective pupil, γ is the polar angle of variable ρ, u is the axial normalized optical coordinate, v is the lateral normalized optical coordinate, z is the axial displacement of the object, r obj is the radial coordinate in the object space, NA is the numerical aperture of 
Similarly, when the focus of objective L 1 is near the confocal position P B of the surface S 1 , the differential signal I B ðv; u; u M Þ of the DCRIM is [15] 
· e −j2kΦðρ;γÞ · e −jρv cos γ ρdρdγ
where Φðρ; γÞ is the figure error of surface S 1 and the axial response curve I B ð0; u; u M Þ is
· e −j2kΦðρ;γÞ ρdρdγ
The DCRIM uses the zeroes O A and O B of the axial intensity curves I A ð0; u; u M Þ and I B ð0; u; u M Þ to precisely identify the cat's-eye position P A and confocal position P B of the test lens surface S 1 and obtains the radius of surface S 1 by measuring the distance between O A and O B . Similarly, the ROC of surface S 2 can also be obtained.
B. Determination of the Objective L 1 Positions
When the pencil of DCRIM is used to determine the vertices of the test lens and the reflector, aberration in objective L 1 and the surface of the test lens L before the convergence point may change the wavefront of the measurement beam and result in the decreasing of the chromatography and focusing capability. In order to reduce the effect of the wave aberrations on the DCRIM focusing accuracy, the DCRIM uses the annular measurement pencil produced by an annular pupil B. The principle of the lens refractive index measurement with an annular pupil B is shown in Fig. 3 and the differential signal Iðv; u; u M ; εÞ is
where ψðρ; γÞ is the wave aberration brought by objective L 1 and the test lens L and the axial response curve Ið0; u; u M ; εÞ is Ið0; u; u M ; εÞ ¼ 1 π
· e jkψðρ;γÞ ρdρdγ
where ε is the normalized radius of the annular pupil B.
Simulation indicates that as ε increases, the DCRIM axial response sensitivity reduces and the effect of the lens aberration on the DCRIM focusing accuracy reduces. When ε ¼ 0:7, the focusing error of the DCRIM is the minimum [15] , and the wave aberration is much smaller than that of the DCRIM with ε ¼ 0:0.
When the objective L 1 moves along the DCRIM optical axis, the measurement pencil is focused on the vertices of the test lens and the reflector with or without the test lens L in the measurement light-path, respectively. The DCRIM uses the absolute zeroes O 0 , O 1 , O 2 , and O 3 of the differential response curves IðzÞ to determine the positions P 0 , P 1 , P 2 , and P 3 of the objective L 1 and then obtains the movement distance d 1 , d 2 and d 3 of objective L 1 from position P 0 to P 1 , P 2 , and P 3 .
C. Calculation of the Refractive Index of the Test Lens
The DCRIM uses the radii r 1 and r 2 of the test lens L and the movement distances d 1 , d 2 , and d 3 of objective L 1 to do ray tracing in the measurement shown in Fig. 3 . The ray tracing process is shown in Fig. 4 .
(a) Objective L 1 at position P 0 , DCRIM measurement pencil is focused on the vertex of surface S 1 , (b) Objective L 1 at position P 1 , DCRIM measurement pencil is focused on the vertex of surface S 2 and ray traces on the surface S 1 , (c) Objective L 1 at position P 2 , DCRIM measurement pencil is focused on the surface S 3 of R f and ray traces on the surface S 1 and S 2 , (d) Objective L 1 at position P 3 , DCRIM measurement pencil is focused on the surface S 3 of R f without the test lens in the light-path.
A ray from the annular measurement beam is used for tracing. As shown in Fig. 4(a) , the pencil is focused on the vertex of the surface S 1 , and the position P 0 of the objective L 1 is recorded as the start position, where n 0 is the refractive index of air, θ 1 is the angle between incidence ray on S 1 and optical axis, R is the pupil radius of the DCRIM, f is the focal length of the objective L 1 , and θ 1 satisfies
In Fig. 4(b) , when the pencil is focused on the vertex of the surface S 2 and the ray traces on the surface S 1 , the ray tracing formula is
Then, the thickness of the test lens t can be recorded as tðr 1 ; d 1 ; n; ρ; NAÞ using Eqs. (8) and (9).
In Fig. 4(c) , the pencil is focused on the surface S 3 and the ray traces on the surfaces S 1 and S 2 The ray tracing formulas are
where θ 0 1 and θ 0 2 are angles between the emergent ray from surfaces S 1 and S 2 and optical axis, respectively; l 1 and l 2 are the distances from the vertices of the surfaces S 1 and S 2 to the intersections of the DCRIM optical axis and the emergent ray, respectively.
Then, l 2 can be recorded as l 2 ðr 1 ; r 2 ; d 1 ; d 2 ; n; ρ; NAÞ, using Eq. (10).
In Fig. 4(d) , when the test lens L is removed from the DCRIM and the pencil is focused on the surface S 3 , the movement distance d 3 of objective L 1 from P 0 to P 3 equals the sum of the test lens thickness t and distance l 2 , i.e.
The
As shown in Fig. 5 , when all the rays in the pupil plane are considered, the calculation needs to integrate
And Eq. (11) can be written as
where KðρÞ is the normalized intensity dispersing function in the pupil plane and when all the rays (14) , the test lens refractive index n can be obtained by using numerical iterative calculation.
Error Analyses
σ ri :
The main errors having effects on radius measurement include the distance error of laser distance measurement interferometer (LDMI), position errors of cat's-eye position P A and confocal position P B , axial alignment errors, and figure error, etc.
Figure error of the test lens Φðρ; γÞ will cause axial offset of zero point O B of the DCRIM curves and result in the axial offset of best-fit sphere center of the test surface. But the offset of zero point and best-fit sphere center are the same in the direction and almost the same in value, so the figure error of the test lens Φðρ; γÞ has a very small effect on the measurement accuracy of ROC [15] .
B. Measurement Error of Objective Movement Distance d i
Error σ ndi ði ¼ 1; 2; 3Þ of the test lens refractive index n caused by the measurement error σ di of distance d i can be obtained by differentiating Eq. (14) with respect to d i , and
The measurement errors of the objective movement distance d i are caused by the measurement error σ L of LDMI, null error σ z and aberration σ aberration , etc.
Distance Measurement Error σ L
The movement distance d i of the objective L 1 is obtained by LDMI, and its measurement error σ L satisfies where σ nair is the error of refractive index of air, L deadpath is the difference between the LDMI measurement and reference path lengths, σ Pa , σ K , and σ H are the errors of the air sensor for the barometer (pa), the thermometer (°C), and the hygrometer (% relative humidity) in the LDMI.
Null Error σ z
By differentiating Eq. (7) : ð18Þ
The sensitivity of the differential intensity curve at the zero point is the largest and S max ¼ −0:54 when u M ¼ 10:22. The null error σ z and the NA of DCRIM satisfy
where δIð0; 0; u M ; 0:7Þ is the random noise of the normalized differential signal caused by the detectors D 1 and D 2 , SNR is the signal noise ratio of detector, and their relation is SNR ¼ 1=δIð0; 0; u M ; 0:7Þ.
Aberration ψðρ; γÞ
The wave aberration ψðρ; γÞ brought by objective L 1 and the test lens L has an effect on the focus position of objective L 1 when L 1 is at positions P 1 and P 2 and causes the aberration error σ aberration . 
Using Eq. (21), the axial response curves Ið0; u; 10:22; 0:7; A 022 ρ 2 cos 2 γÞ for a different astigmatism A 022 ρ 2 cos 2 γ are shown in Fig. 7 .
It can be seen from Figs. 6 and 7 that the primary spherical aberration A 040 ρ 4 and astigmatism A 022 ρ 2 cos 2 γ change the slope of the curve at the absolute zero and the position of the absolute zero, and the determination sensitivity of DCRIM decreases as A 040 ρ 4 and A 022 ρ 2 cos 2 γ increase. But the primary spherical aberration coefficient A 040 and astigmatism coefficient A 022 can be found using the Seidel equation, the offsets of the zero position caused by aberrations A 040 ρ 4 and A 022 ρ 2 cos 2 γ can be calculated using Eqs. (20) and (21), and the distances d 1 and d 2 can be corrected using the offsets. Therefore, the null error caused by aberration ψðρ; γÞ can be compensated.
Considering the effect of the aforementioned errors on the d i ði ¼ 1; 2; 3Þ measurement, the measurement error σ di ði ¼ 1; 2; 3Þ is
The error σ nNA of the test lens refractive index caused by DCRIM numerical aperture measurement error σ NA is calculated by differentiating Eq. (14) with respect to NA
D. Synthesis Error
Considering the effect of the aforementioned errors on the measurement result, the refractive index synthetic measurement error σ n is
Experiments and Analyses
As shown in Fig. 8 , the triple prism, optical flat, and a plano-concave lens are made by a piece of glass with the peak to valley of 10 −6 in the refractive index fluctuation, so their refractive indexes can be considered to be the same in our experiments.
The triple prism is used to obtain the true value of the refractive index using the MDM, the optical flat is used to calibrate the NA of the DCRIM setup, and the plano-concave lens is used to verify the DCRIM feasibility and accuracy.
A. Measure the Refractive Index of the Triple Prism Using MDM
The measurement principle of the MDM is shown in Fig. 9 , a parallel beam impinges at some angle on side AB of apex angle A and emerges from side AC through the refraction, and the angle between the incidence beam and emergent beam is addressed as the deviation angle. When the incident angle is equal to the emergent angle, deviation angle δ is the minimum deviation angle. According to the Snell law, the refractive index of the triple prism is
The refractive index measured by the Chinese National Institute of Metrology (CNIM) using the MDM is n given ¼ 1:513601 AE 3 × 10 −6 , so the refractive index of the plano-concave lens and optical flat are n given ¼ 1:513601 AE 3 × 10 −6 .
B. Calibration of the Numerical Aperture NA
The DCRIM experimental setup shown in Fig. 10 is built based on Fig. 3 and in order to simplify the operation, the sample instead of the objective moves with the air bearing slider.
(1) Detection system 1, (2) λ=4 plate, (3) PBS, (4) BS, (5) Detection system 2, (6) Annular pupil, (7) Laser collimator, (8) Objective, (9) Test sample (optical flat or the lens), (10) Reflector, (11) Air bearing slider, (12) X80 LDMI produced by RENISHAW, (13) Air sensor of X80 LDMI.
The wavelength of the laser used in the experimental setup is λ ¼ 632:8 nm, the test sample is placed on the air bearing slider and can be driven by a drive motor fixed to the slider, the resolution of the driver is 0:0001 mm, the movement distance d i of the test sample is measured by the X80 LDMI; the precise positions of the absolute zeros are obtained by linear fitting the response curve near the absolute zeros. The NA of the DCRIM system has a significant effect on the measurement accuracy of the refractive index, so it should be calibrated. When the normalized radius of the annular pupil is ε ¼ 0:0, the optical flat with the given refractive index and thickness by the CNIM is used as the test sample to calibrate the NA.
When the optical flat moves with the air bearing slider in the axial direction, the measurement beam is focused on its front and back surfaces, respectively, and DCRIM measures the position P flat0 and P flat1 of the optical flat. The result is shown in Fig. 11 .
It can be seen from Fig. 11 that the coordinates of positions P flat0 and P flat1 are 0:0077 mm and 19:9928 mm, the distance between P flat0 and P flat1 is d flat ¼ 19:9851 mm. After the compensation of wave aberration using Eq. (20) and (21), the corrected distance is d flat ¼ 19:9583 mm, the given refractive index and thickness are n given ¼ 1:513601 and t given ¼ 30:3042 mm, respectively, and NA can be obtained by
The calibration value of NA solved from Eq. (26) is NA ¼ 0:14894 and the NA calibration error σ NA can be obtained by
C. ROC Measurement of the Plano-Concave Lens
When DCRIM is used to identify the cat's-eye position P A and confocal position P B of concave S 2 , axial response curves I A ðzÞ and I B ðzÞ obtained are shown in Fig. 12 . And, the radius of concave S 2 can be obtained by measuring the distance between absolute zeroes O A and O B of the axial response curve I A ðzÞ and I B ðzÞ. It can be seen from Fig. 12 that the radius of concave S 2 is r 2 ¼ 100:0968 mm.
D. Refractive Index Measurement of the Plano-Concave Lens
DCRIM with ε ¼ 0:7 is used to identify the vertex of the plano-concave lens and the position of the reflector with or without the plano-concave lens in the measurement light-path and the axial response curves I 0 ðzÞ, I 1 ðzÞ, I 2 ðzÞ, and I 3 ðzÞ achieved are shown in Fig. 13 . The absolute zero positions correspond to the positions P 0 , P 1 , P 2 , and P 3 and they are 0:0108 mm, 3:3549 mm, 14:3593 mm, and 16:7531 mm, respectively. So the distances of the sample moving from P 0 to P 1 , P 2 , and P Offsets a P1 þ b P1 and a P2 þ b P2 of the absolute zeroes in the response curves at positions P 1 and P 2 , which are caused by the primary spherical aberration A 040 ρ 4 and astigmatism A 022 ρ 2 cos 2θ, are compensated using Eq. (20) and (21), and
After the correction on the positions P 1 and P 2 , the movement distances of the objective are Radii (14) , and the refractive index of the plano-concave lens n satisfies 
The refractive index of the plano-concave lens n can be obtained by solving Eq. (29) using numerical interactive calculation and the value of n is 1.51355.
The refractive index of the plano-concave lens is 1.513601, so DCRIM error is σ nexperiment ¼ j1:51335− 1:513601j ≈ 2:5 × 10 −4 . 
The air sensor of X80 LDMI is used for compensating the laboratory environment. When the errors are σ Pa ¼ 50 Pa for the barometer, σ K ¼ 0:1°C for the thermometer, and σ H ¼ 3% for the hygrometer, and the DCRIM dead-path is L deadpath ¼ 100 mm, the distance measurement error obtained by Eq. (17) is
When SNR ¼ 200∶1, the null error obtained by Eq. (19) is 
The measurement errors of the movement distances obtained by Eq. (22) are σ d1 ≈ 0:0002 mm, σ d2 ≈ 0:0002 mm, and σ d3 ≈ 0:0002 mm.
The error σ NA of the DCRIM depends on the measurement error σ dflat , refractive index error σ given , and thickness error σ tgiven of the optical flat, σ dflat obtained using Eqs. (17), (19), and (22), is 0:0002 mm, σ ngiven , and σ tgiven given by CNIM are 3 × 10 −6 and 0:0005 mm, respectively, so σ NA obtained by Eq. (27) 
The errors obtained using Eqs. (15) 
So, the experimental result, σ nexperiment ≈ 2:5 × 10 −4 , is in agreement with the result of theoretical analysis and DCRIM is valid.
Conclusions
DCRIM is proposed and has been verified by measuring the plano-concave lens, which uses the absolute zero of the differential confocal axial intensity curve to precisely identify the position of the plano-concave lens and uses ray tracing facet iterative calculation to obtain the refractive index. The theoretical analyses and preliminary experiments indicate that the DCRIM can achieve measurement accuracy about 2:5 × 10 −4 . Compared with the existing lens refractive index measurement, DCRIM has the follow advantages.
1. It is applicable to optical flat, plano-concave lens, meniscus lens, biconvex lens, and other kinds of spherical lenses in the high-precision noncontact measurement of refractive index and thickness.
2. It can operate independently, does not need any other accessorial measurement (such as the immersing method, which uses the Abbe method to know the refractive of the mixture liquid).
3. It can measure the lens refractive index and ROC simultaneously.
The DCRIM provides a potent approach for the high-precision noncontact measurement of the refractive index.
